Dependence of effective spectrum width of synchrotron radiation on
  particle energy by Bagrov, V. G. et al.
ar
X
iv
:1
70
3.
02
69
5v
2 
 [p
hy
sic
s.c
las
s-p
h]
  5
 A
pr
 20
17
Dependence of effective spectrum width of synchrotron radiation on
particle energy
V. G. Bagrov 1, D. M. Gitman 2, A. D. Levin 3, A. S. Loginov 4, A. D. Saprykin 5
April 6, 2017
Abstract
For an exact quantitative description of spectral properties in the theory of synchrotron
radiation, the concept of effective spectral width is introduced. In the classical theory, numeric
calculations of effective spectral width (using an effective width not exceeding 100 harmonics)
for polarization components of synchrotron radiation are carried out. The dependence of the
effective spectral width and initial harmonic on the energy of a radiating particle is established.
1 Introduction
As one of the major quantitative characteristics of spectral distributions for electromagnetic
radiation, one commonly uses the concept of spectral half-width. For spectral distributions
having a sharp maximum, spectral half-width is the most informative physical characteristic.
However, once a spectral distribution has no pronounced maximum, spectral half-width
ceases to be an adequate quantitative characteristic. In particular, this is exactly the case of
spectral distributions for synchrotron radiation (SR), and therefore SR spectral half-width has
neither been calculated theoretically, nor measured experimentally.
Instead of spectral half-width, the present study proposes to introduce a new precise quan-
titative characteristic of SR spectral distributions: effective spectral width. It is shown how
this quantity can be calculated theoretically, and which physically relevant information can be
obtained using this quantity.
At present, the theory of synchrotron radiation is a fairly well-developed area of theoretical
physics. Its main elements are described in monographs (e.g. [1–7]) and numerous articles.
Among the most important SR physical features, one should take into account a high polar-
ization degree of radiation and a unique structure of spectral distributions. All theoretically
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predictable SR properties have been confirmed by experiment. The development of SR theory
allows one not only to predict radiation characteristics qualitatively, but also to offer exact
quantitative characteristics of physically important properties. For example, the high degree
of SR polarization was qualitatively predicted by theory more than half a century ago (see,
e.g., [1]); precise quantitative characteristics for linear polarization were also obtained, whereas
such quantitative characteristics for circular polarization were obtained much later [8–11].
In order to set up the problem, we now present some well-known expressions of the classical
SR theory for the physical characteristics of synchrotron radiation, which can be found in [1–7].
The spectral-angular distribution for radiation power of SR polarization components can
be written as
Ws = W
∞∑
ν=1
∫ pi
0
fs(β; ν, θ) sin θdθ. (1. 1)
Here, the following notation is used: θ is the angle between the control magnetic field strength
and the radiation field pulse; ν is the number of an emitted harmonic; the charge orbital motion
rate is v = cβ, where c is the speed of light; W is the total radiated power of unpolarized
radiation, which can be written as
W =
2
3
ce2
R2
(γ2 − 1)2 = 2e
4H2(γ2 − 1)
3m20c
3
, γ =
1√
1− β2 , (1. 2)
where e is the particle charge; R is the orbit radius; H is the control field strength; m0 is the
charge rest mass; γ is the relativistic factor. The index s numbers the polarization components:
s = 2 corresponds to the σ-component of linear polarization; s = 3 corresponds to the pi-
component of linear polarization; s = 1 corresponds to right-hand circular polarization; s = −1
corresponds to left-hand circular polarization; s = 0 corresponds to the power of unpolarized
radiation. The functions fs(β; ν, θ) have the form [1–7]
f2(β; ν, θ) =
3ν2
2γ4
J ′2ν (x); f3(β; ν, θ) =
3ν2
2γ4
cos2 θ
β2 sin2 θ
J2ν (x);
f±1(β; ν, θ) =
3ν2
4γ4
[
J ′ν(x)± ε
cos θ
β sin θ
Jν(x)
]2
; x = νβ sin θ; ε = − e|e| ;
f0(β; ν, θ) = f2(β; ν, θ) + f3(β; ν, θ) = f1(β; ν, θ) + f−1(β; ν, θ) . (1. 3)
Here, Jν(x) and J
′
ν(x) are the Bessel functions and their derivatives. In what follows, the case
of an electron is considered, which corresponds to ε = 1.
2 Spectral distribution for polarization components of
synchrotron radiation in the upper half-space
It is well known [1–7] that the angle range 0 6 θ < pi/2 (this range will be called the upper
half-space) is dominated by right-hand circular polarization, and the angle range pi/2 < θ 6 pi
(this range will be called the lower half-space) is dominated by left-hand circular polarization
(exact quantitative characteristics of SR properties were first obtained in [8–11]). However, if
we integrate in (1. 1) over θ (0 6 θ 6 pi), then the differences in the spectral distribution of
right- and left-hand circular polarizations disappear. To reveal these differences, the expressions
(1. 1) can be represented as
Ws =W
[
Φ(+)s (β) + Φ
(−)
s (β)
]
; Φ(+)s (β) =
∞∑
ν=1
F (+)s (β; ν) , Φ
(−)
s (β) =
∞∑
ν=1
F (−)s (β; ν) ;
2
F (+)s (β; ν) =
∫ pi/2
0
fs(β; ν, θ) sin θdθ , F
(−)
s (β; ν) =
∫ pi
pi/2
fs(β; ν, θ) sin θdθ , (2. 1)
and it suffices to study the properties of functions F
(+)
s (β; ν) (respectively, the properties of
functions Φ
(+)
s (β)), due to the evident relations
F (−)s (β; ν) = F
(+)
s (β; ν) , Φ
(−)
s (β) = Φ
(+)
s (β) , s = 0, 2, 3;
F
(−)
1 (β; ν) = F
(+)
−1 (β; ν) , Φ
(−)
1 (β) = Φ
(+)
−1 (β) ,
F
(−)
−1 (β; ν) = F
(+)
1 (β; ν) , Φ
(−)
−1 (β) = Φ
(+)
1 (β) . (2. 2)
Integration over θ in the upper half-space 0 6 θ 6 pi/2 in (2. 1) can be carried out exactly,
yielding the expressions
F
(+)
2 (β; ν) =
3ν
4 γ 4β3
[
2β2J ′22ν
∫ 2νβ
0
J2ν(x)dx− 2νβ
∫ 2νβ
0
J2ν(x)
x
dx
]
,
F
(+)
3 (β; ν) =
3ν
4 γ 4β3
[
2νβ
∫ 2νβ
0
J2ν(x)
x
dx−
∫ 2νβ
0
J2ν(x)dx
]
,
F
(+)
0 (β; ν) = F
(+)
2 (β; ν) + F
(+)
3 (β; ν) =
3ν
4 γ 4β3
[
2β2J ′22ν)
∫ 2νβ
0
J2ν(x)dx
]
,
F
(+)
±1 (β; ν) =
1
2
F
(+)
0 (β; ν)±
3νJ 2ν(νβ)
4 γ 4β2
. (2. 3)
The sums over the harmonics ν in (2. 1) can also be calculated exactly, yielding the expres-
sions
Φ
(+)
2 (β) =
6 + β2
16
, Φ
(+)
3 (β) =
2− β2
16
, Φ
(+)
0 (β) =
1
2
, Φ
(+)
±1 (β) =
1
4
[
1± 3
4
χ1(β)
]
. (2. 4)
The function χ1(β) introduced above was defined and studied in [8]. In particular, it was
shown [8] that in the segment 0 6 β 6 1 the function χ1(β) is finite and decreases monotonously;
at the end of this segment, it takes the following values:
χ1(0) = 1 , χ1(1) =
4
pi
√
3
. (2. 5)
3 Effective spectral width for polarization components
of synchrotron radiation
As one of the quantitative characteristics of physical properties for spectral distributions of
SR polarization components, it is proposed to introduce the concept of effective spectral width
Λs(β). Let us define Λs(β) as follows.
For each fixed value of β, we examine the quantities
Φ˜s(β; ν
(1), ν(2)) =
ν(2)∑
ν=ν(1)
F (+)s (β; ν) , 1 6 ν
(1)
6 ν(2) 6∞ . (3. 1)
3
The following relations are obvious:
Φ(+)s (β) = Φ˜s(β; ν
(1) = 1, ν(2) =∞) ; Φ(+)s (β) > Φ˜s(β; ν(1) > 1, ν(2) <∞) . (3. 2)
Consider the set of values ν(1), ν(2) (1 6 ν(1) 6 ν(2) <∞) such that satisfy the inequality
Φ˜s(β; ν
(1), ν(2)) >
1
2
Φ(+)s (β) . (3. 3)
Obviously, such values ν(1), ν(2) do exist for any β (for example, ν(1) = 1 necessarily yields such
a finite value ν(2)). It is equally obvious that condition (3. 3) alone is generally insufficient
to determine the pair of values ν(1), ν(2). Let us now choose such ν
(1)
s (β), ν
(2)
s (β) that the
condition (3. 3) should provide the minimum of the difference ν
(2)
s (β)− ν(1)s (β), as well as the
minimum of the non-negative value
Φ˜s(β; ν
(1)
s (β), ν
(2)
s (β))−
1
2
Φ(+)s (β) > 0 . (3. 4)
The effective spectral width Λs(β) is defined by the expression
Λs(β) = ν
(2)
s (β)− ν(1)s (β) + 1, Λs(β) > 1 . (3. 5)
Consequently, effective spectral width is the minimum spectral range that accounts for at
least half of all the radiated power of a given polarization component. The harmonics ν
(1)
s (β)
and ν
(2)
s (β) determine the beginning and the end of this minimum spectral range.
A definition equivalent to the one presented above for effective spectral width can be given
using the concept of partial contributions Ps(β; ν) for individual spectral harmonics, introduced
in [12]. Namely, we suppose, according to [12],
Ps(β; ν) =
F
(+)
s (β; ν)
Φ
(+)
s (β)
. (3. 6)
Then (2. 1) implies the property
∞∑
ν=1
Ps(β; ν) = 1 . (3. 7)
We choose some values ν
(1)
s (β) and ν
(2)
s (β) such that the minimum difference ν
(2)
s (β)− ν(1)s (β)
should provide the minimum of the non-negative value
ν
(2)
s (β)∑
ν=ν
(1)
s (β)
Ps(β; ν)− 1
2
> 0 . (3. 8)
Introducing Λs(β) in accordance with (3. 5), we arrive at the following equivalent definition:
effective spectral width is the minimum spectral range at which the sum of partial contributions
for individual harmonics is not less than 1/2.
In practice, the most interesting case is the ultra-relativistic limit (β ≈ 1, equivalent to
γ ≫ 1). In this case, the analytical study of effective spectral width and other physically
interesting quantitative characteristics for spectral distributions of SR polarization components
can be significantly extended. This study was carried out in [13].
Given a particular value of β (or γ), it is a purely computational task to obtain the exact
values of Λs(β) and ν
(1)
s (β). In this article, we present a numerical study of the region 1 6
Λs(β) 6 100. It is essential to observe the following. The effective width Λs(β) is a positive
integer, so there exists a range of β (corresponding to a range of γ; hereinafter, we only indicate
γ) in which Λs(β) is constant.
4
4 Analysis of numerical results for effective spectral
width of synchrotron radiation
The main results of a numerical study for effective spectral width of SR polarization com-
ponents are given by our Table.
The numerical study is carried out as follows. For each type of polarization s, we examine the
sequences of integers Λs = 1 , 2 , 3 ... and ν
(1)
s = 1 , 2 , 3 ... (it is evident that ν
(2)
s = ν
(1)
s +Λs− 1)
and determine the regions of values γs for which the condition (3. 8) (equivalent to (3. 4)) is
satisfied. It is clear that the boundary points of possible regions for γs can be found, according
to (3. 8), as solutions of the equations
Λs−1∑
l=0
Ps(β; ν
(1)
s + l)−
1
2
= 0 . (4. 1)
The roots βs = βs(Λs, ν
(1)
s ) of these equations determine the boundary points γs = γs(Λs, ν
(1)
s ),
in accordance with (1. 2).
Let us consider in more detail the calculation method and the results pertaining to the σ-
component of linear polarization. These results are given in the column s = 2 of our Table.
We denote ν
(1)
2 = k = 1 , 2 , 3 ....
At the first step, we examine the smallest possible value Λ2 = 1. In this case, equations
(4. 1) have the form
P2(β; k)− 1
2
= 0 . (4. 2)
According to the results of [12], all partial contributions at k > 2 are such that P2(β; k) < 1/2
for all the values of γ, whereas in the first harmonic (k = 1) such a region of values γ does
exist, and equation (4. 2) at k = 1 has a single root, γ2 = γ2(1 , 1), shown in the Table.
Consequently, in the region of values γ
1 6 γ 6 γ2(1 , 1), (4. 3)
for the σ-component of linear polarization, the effective spectral width is Λ = 1, where ν
(1)
2 = 1.
There are no other values of ν˜
(1)
2 and γ˜2 for Λ = 1, which is also indicated in the Table.
Next, we examine the value Λ2 = 2. In this case, equations (4. 1) have the form
P2(β; k) + P2(β; k + 1)− 1
2
= 0 . (4. 4)
Since at the previous step it has been established that in the region 1 6 γ 6 γ2(1 , 1) the
effective width is Λ2 = 1, it is required to examine the solutions of equations (4. 4) only in the
region
γ > γ2(1 , 1) , (4. 5)
Analysis of equations (4. 4) shows that these equations have a unique solution, γ2(2 , 1), only
for k = 1, where γ2(1 , 1) < γ2(2 , 1).
Consequently, in the region of values γ
γ2(1 , 1) < γ 6 γ2(2 , 1) , (4. 6)
the effective width is Λ2 = 2, where ν
(1)
2 = 1. There are no other values of ν˜
(1)
2 and γ˜2 for Λ = 2.
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At the next step, we examine the value Λ2 = 3. Equations (4. 1) at Λ2 = 3 have the form
P2(β; k) + P2(β; k + 1) + P2(β; k + 2)− 1
2
= 0 , (4. 7)
and we should only be concerned with solutions of these equations that belong to the region
γ > γ2(2 , 1) , (4. 8)
since at the previous steps it has been found that the effective spectral width at 1 6 γ 6 γ2(2 , 1)
is such that Λ2 6 2. It turns out that under restriction (4. 8) equations (4. 7) possess the
solutions γ2(3 , 1) at k = 1, and γ2(3 , 2) at k = 2. These solutions obey the inequalities
γ2(2 , 1) < γ2(3 , 2) < γ2(3 , 1).
Consequently, in the region of values γ
γ2(2 , 1) < γ 6 γ2(3 , 1) , (4. 9)
the effective width is Λ2 = 3, where ν
(1)
2 = 1. However, inside the region (4. 9) there is a
subregion:
γ2(2 , 1) < γ 6 γ2(3 , 2) < γ2(3 , 1) , (4. 10)
which admits a larger value, ν
(1)
2 = ν˜2 = 2 , as shown in the Table.
At the next step, we examine Λ2 = 4 , 5 , 6. For these values of Λ2 the results of calculation
are similar to those obtained for Λ2 = 3, namely, these are the values of γ that belong to the
region
γ2(Λ2 − 1 , 1) < γ 6 γ2(Λ2 , 1) , (4. 11)
with the effective width being equal to the corresponding Λ2, where ν
(1)
2 = 1. However, inside
the region (4. 11) there is a subregion:
γ2(Λ2 − 1 , 1) < γ 6 γ2(Λ2 , 2) < γ2(Λ2 , 1) , (4. 12)
which admits a larger value, ν
(1)
2 = ν˜2 = 2, as shown in the Table.
At the next steps, we examine Λ2 = 7 ÷ 11, and each step to follow involves solutions of
equations (4. 1) only in the region of values γ being larger than those at the previous step. For
these values Λ2, equations (4. 1) possess the solutions γ2(Λ2, ν
(1)
2 ) corresponding to the three
values ν
(1)
2 = 1, ν
(1)
2 = 2, ν
(1)
2 = ν˜2 = 3, and satisfying the inequalities
γ2(Λ2 − 1, ν(1)2 ) < γ2(Λ2 , k) < γ2(Λ2 , n) , k > n. (4. 13)
In the Table, we indicate the smallest value ν
(1)
2 = 1 and the respective largest value γ2(Λ2, 1),
as well as the largest value ν
(1)
2 = ν˜2 = 3 and the respective smallest value γ2(Λ2, 3). For
Λ2 = 7÷ 11, the corresponding regions of γ are determined by relation (4. 11), but now there
are two subregions: one is determined by relation (4. 12), so that the values of γ admit ν
(1)
2 = 2;
the other one is determined by the condition
γ2(Λ2 − 1 , 1) < γ 6 γ2(Λ2 , 3) < γ2(Λ2 , 2) < γ2(Λ2 , 1) , (4. 14)
and this region of γ also admits the value ν
(1)
2 = 3.
The next step concerns the region Λ2 = 12 ÷ 27. Here, it is essential that the smallest
possible value is ν
(1)
2 = 2; otherwise, the results are identical to the case Λ2 = 7÷ 11.
6
In general, the column s = 2 of the Table indicates for each Λ2 the smallest possible value
ν
(1)
2 = ν
(1)
2 (Λ2) and the corresponding largest value γ2 = γ2(Λ2, ν
(1)
2 (Λ2)), as well as the largest
possible value ν˜2 for this Λ2 and the corresponding smallest value γ˜2. Possible intermediate
values ν
(1)
2 between the smallest ν
(1)
2 (Λ2) and the largest ν˜2, as well as the respective intermediate
values γ2, are not specified. The intermediate values of γ2 always satisfy relations (4. 13).
Consequently, in the column s = 2 we indicate the regions of values γ
γ2(Λ2 − 1, ν(1)2 (Λ2 − 1)) < γ 6 γ2(Λ2, ν(1)2 (Λ2)), (4. 15)
for which the effective spectral width for the σ-component of SR linear polarization equals to
Λ2. We also indicate the initial points of the effective spectral width. These points are not
determined uniquely. For the smallest initial value ν
(1)
2 , the range of values (4. 15) taken by γ
is the largest one, while this region is the smallest one for the largest possible value ν˜2.
For the other polarization components, the results of calculation are given in the respective
columns of the Table. In particular, the Table shows that for equal values Λs the corresponding
values γs obey the inequalities
γ3 > γ1 > γ0 > γ2 > γ−1 . (4. 16)
At a fixed energy γ, the corresponding values of Λs are restricted by
Λ3 < Λ1 < Λ0 < Λ2 < Λ−1 . (4. 17)
In this way, for each polarization component of synchrotron radiation we have found energy
regions at which the effective spectral width equals to Λs, and the initial harmonic of this
effective width is determined. Numeric calculations have been carried out in the case Λs 6 100.
In the ultrarelativistic case, the corresponding results have been obtained in [13].
Table 1: Bondary harmonics and respective energy of ef-
fective spectral width for linear polarization components
of SR and unpolarized radiation
Λ ν
(1)
2 γ2 ν
(2)
2 γ˜2 ν
(1)
3 γ3 ν
(2)
3 γ˜3 ν
(1)
0 γ0 ν
(2)
0 γ˜0
1 1 1.1434 1 1.1434 1 1.2363 1 1.2363 1 1.1592 1 1.1592
2 1 1.2955 1 1.2955 1 1.4519 1 1.4519 1 1.3204 1 1.3204
3 1 1.4179 2 1.3237 1 1.6126 1 1.6126 1 1.4476 1 1.4476
4 1 1.5215 2 1.4740 1 1.7435 1 1.7435 1 1.5543 2 1.4831
5 1 1.6121 2 1.5827 1 1.8554 1 1.8554 1 1.6472 2 1.5990
6 1 1.6932 2 1.6741 1 1.9540 2 1.8592 1 1.7301 2 1.6949
7 1 1.7669 3 1.6998 1 2.0428 2 1.9638 1 1.8053 2 1.7786
8 1 1.8347 3 1.7860 1 2.1238 2 2.0562 1 1.8744 2 1.8537
9 1 1.8977 3 1.8610 1 2.1986 2 2.1394 1 1.9386 3 1.8770
10 1 1.9566 3 1.9286 1 2.2680 2 2.2161 1 1.9986 3 1.9482
11 1 2.0120 3 1.9906 1 2.3329 2 2.2868 1 2.0550 3 2.0131
12 2 2.0657 4 2.0129 1 2.3949 2 2.3537 1 2.1084 3 2.0731
13 2 2.1167 4 2.0723 1 2.4532 2 2.4165 1 2.1591 3 2.1292
14 2 2.1652 4 2.1273 1 2.5097 2 2.4751 1 2.2074 3 2.1819
15 2 2.2114 4 2.1788 1 2.5628 2 2.5314 1 2.2537 3 2.2318
16 2 2.2559 4 2.2275 1 2.6140 2 2.5851 1 2.2980 3 2.2793
17 2 2.2984 4 2.2737 1 2.6623 2 2.6363 1 2.3407 4 2.2999
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Table 1: Bondary harmonics and respective energy of ef-
fective spectral width for linear polarization components
of SR and unpolarized radiation
Λ ν
(1)
2 γ2 ν
(2)
2 γ˜2 ν
(1)
3 γ3 ν
(2)
3 γ˜3 ν
(1)
0 γ0 ν
(2)
0 γ˜0
18 2 2.3392 4 2.3177 1 2.7107 2 2.6846 1 2.3818 4 2.3457
19 2 2.3787 4 2.3598 1 2.7557 2 2.7324 1 2.4215 4 2.3894
20 2 2.4168 5 2.3807 1 2.7998 2 2.7779 2 2.4603 4 2.4313
21 2 2.4538 5 2.4215 1 2.8422 2 2.8217 2 2.4980 4 2.4716
22 2 2.4895 5 2.4608 1 2.8831 2 2.8636 2 2.5345 4 2.5104
23 2 2.5243 5 2.4985 1 2.9225 2 2.9035 2 2.5700 4 2.5479
24 2 2.5581 5 2.5350 1 2.9619 2 2.9440 2 2.6045 4 2.5842
25 2 2.5910 5 2.5702 1 2.9991 2 2.9827 2 2.6380 4 2.6194
26 2 2.6231 5 2.6043 1 3.0356 2 3.0201 2 2.6707 4 2.6536
27 2 2.6545 5 2.6374 1 3.0715 2 3.0566 2 2.7025 5 2.6712
28 3 2.6849 6 2.6558 1 3.1063 2 3.0922 2 2.7336 5 2.7045
29 3 2.7148 6 2.6880 1 3.1401 2 3.1266 2 2.7640 5 2.7369
30 3 2.7443 6 2.7193 1 3.1728 3 3.1407 2 2.7937 5 2.7685
31 3 2.7731 6 2.7499 1 3.2053 3 3.1740 2 2.8227 5 2.7992
32 3 2.8012 6 2.7797 1 3.2374 3 3.2078 2 2.8512 5 2.8292
33 3 2.8288 6 2.8088 1 3.2690 3 3.2415 2 2.8790 5 2.8585
34 3 2.8559 6 2.8373 1 3.2995 3 3.2728 2 2.9064 5 2.8872
35 3 2.8824 6 2.8652 1 3.3297 3 3.3039 2 2.9331 5 2.9152
36 3 2.9085 6 2.8926 1 3.3592 3 3.3346 2 2.9594 5 2.9427
37 3 2.9339 7 2.9086 1 3.3885 3 3.3646 2 2.9853 5 2.9696
38 3 2.9589 7 2.9352 1 3.4186 3 3.3946 2 3.0106 5 2.9960
39 3 2.9835 7 2.9612 1 3.4461 3 3.4241 2 3.0356 6 3.0112
40 3 3.0078 7 2.9869 1 3.4723 3 3.4511 2 3.0601 6 3.0371
41 3 3.0316 7 3.0121 1 3.4998 3 3.4793 2 3.0842 6 3.0625
42 3 3.0550 7 3.0367 1 3.5270 3 3.5074 2 3.1079 6 3.0875
43 3 3.0781 7 3.0609 1 3.5534 3 3.5344 2 3.1313 6 3.1120
44 3 3.1008 7 3.0847 1 3.5787 3 3.5614 2 3.1543 6 3.1361
45 3 3.1231 7 3.1081 1 3.6046 3 3.5868 3 3.1771 6 3.1598
46 3 3.1453 7 3.1311 1 3.6303 3 3.6129 3 3.1996 6 3.1831
47 4 3.1671 8 3.1457 1 3.6550 3 3.6388 3 3.2217 6 3.2060
48 4 3.1887 8 3.1684 1 3.6798 3 3.6637 3 3.2436 6 3.2286
49 4 3.2100 8 3.1906 1 3.7032 3 3.6887 3 3.2651 6 3.2509
50 4 3.2309 8 3.2126 1 3.7286 3 3.7123 3 3.2864 6 3.2728
51 4 3.2515 8 3.2342 1 3.7528 3 3.7383 3 3.3074 6 3.2944
52 4 3.2720 8 3.2555 1 3.7757 3 3.7619 3 3.3281 7 3.3078
53 4 3.2922 8 3.2764 1 3.7969 3 3.7851 3 3.3485 7 3.3291
54 4 3.3122 8 3.2972 1 3.8199 3 3.8067 3 3.3687 7 3.3501
55 4 3.3318 8 3.3177 1 3.8414 3 3.8296 3 3.3887 7 3.3709
56 4 3.3513 8 3.3378 1 3.8641 3 3.8513 3 3.4084 7 3.3913
57 4 3.3705 8 3.3577 1 3.8855 3 3.8741 3 3.4278 7 3.4115
58 4 3.3894 9 3.3709 1 3.9075 3 3.8957 3 3.4471 7 3.4314
59 4 3.4082 9 3.3904 1 3.9289 3 3.9177 3 3.4661 7 3.4511
60 4 3.4267 9 3.4098 1 3.9502 3 3.9402 3 3.4849 7 3.4705
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Table 1: Bondary harmonics and respective energy of ef-
fective spectral width for linear polarization components
of SR and unpolarized radiation
Λ ν
(1)
2 γ2 ν
(2)
2 γ˜2 ν
(1)
3 γ3 ν
(2)
3 γ˜3 ν
(1)
0 γ0 ν
(2)
0 γ˜0
61 4 3.4450 9 3.4289 1 3.9700 4 3.9502 3 3.5035 7 3.4897
62 4 3.4634 9 3.4480 1 3.9911 4 3.9704 3 3.5219 7 3.5087
63 4 3.4814 9 3.4667 1 4.0114 4 3.9918 3 3.5401 7 3.5275
64 4 3.4991 9 3.4852 1 4.0315 4 4.0123 3 3.5582 7 3.5460
65 5 3.5167 9 3.5034 1 4.0516 4 4.0327 3 3.5760 7 3.5644
66 5 3.5342 9 3.5214 1 4.0715 4 4.0530 3 3.5936 8 3.5763
67 5 3.5515 9 3.5393 1 4.0928 4 4.0731 3 3.6111 8 3.5945
68 5 3.5686 9 3.5571 1 4.1128 4 4.0947 3 3.6284 8 3.6124
69 5 3.5857 10 3.5690 1 4.1299 4 4.1137 3 3.6456 8 3.6301
70 5 3.6025 10 3.5866 1 4.1489 4 4.1321 3 3.6625 8 3.6477
71 5 3.6191 10 3.6039 1 4.1678 4 4.1513 4 3.6794 8 3.6651
72 5 3.6356 10 3.6210 1 4.1844 4 4.1703 4 3.6961 8 3.6823
73 5 3.6520 10 3.6379 1 4.2031 4 4.1869 4 3.7126 8 3.6993
74 5 3.6682 10 3.6547 1 4.2215 4 4.2058 4 3.7291 8 3.7161
75 5 3.6842 10 3.6713 1 4.2394 4 4.2243 4 3.7453 8 3.7328
76 5 3.7003 10 3.6877 1 4.2578 4 4.2429 4 3.7615 8 3.7494
77 5 3.7161 10 3.7042 1 4.2739 4 4.2609 4 3.7774 8 3.7658
78 5 3.7315 10 3.7203 1 4.2913 4 4.2768 4 3.7933 8 3.7820
79 5 3.7470 10 3.7360 1 4.3090 4 4.2948 4 3.8090 8 3.7981
80 5 3.7624 11 3.7472 1 4.3263 4 4.3122 4 3.8246 8 3.8140
81 5 3.7776 11 3.7631 1 4.3432 4 4.3295 4 3.8400 9 3.8249
82 5 3.7931 11 3.7788 1 4.3601 4 4.3466 4 3.8554 9 3.8406
83 5 3.8081 11 3.7947 1 4.3769 4 4.3635 4 3.8706 9 3.8563
84 6 3.8230 11 3.8101 1 4.3951 4 4.3802 4 3.8856 9 3.8718
85 6 3.8380 11 3.8254 1 4.4101 4 4.3986 4 3.9006 9 3.8872
86 6 3.8527 11 3.8407 1 4.4250 4 4.4136 4 3.9154 9 3.9024
87 6 3.8673 11 3.8557 1 4.4411 4 4.4286 4 3.9301 9 3.9176
88 6 3.8818 11 3.8706 1 4.4570 4 4.4446 4 3.9448 9 3.9326
89 6 3.8962 11 3.8855 1 4.4728 4 4.4605 4 3.9593 9 3.9474
90 6 3.9105 11 3.9002 1 4.4884 4 4.4763 4 3.9736 9 3.9622
91 6 3.9247 12 3.9107 1 4.5039 4 4.4919 4 3.9879 9 3.9768
92 6 3.9386 12 3.9253 1 4.5192 4 4.5074 4 4.0021 9 3.9914
93 6 3.9528 12 3.9396 1 4.5371 4 4.5231 4 4.0162 9 4.0058
94 6 3.9667 12 3.9541 1 4.5515 4 4.5406 4 4.0302 9 4.0201
95 6 3.9806 12 3.9683 1 4.5664 4 4.5549 4 4.0441 9 4.0343
96 6 3.9942 12 3.9826 1 4.5798 4 4.5698 4 4.0578 10 4.0442
97 6 4.0079 12 3.9966 1 4.5944 4 4.5831 4 4.0715 10 4.0583
98 6 4.0214 12 4.0105 1 4.6089 4 4.5976 5 4.0851 10 4.0723
99 6 4.0349 12 4.0244 1 4.6232 4 4.6121 5 4.0987 10 4.0861
100 6 4.0482 12 4.0381 1 4.6374 4 4.6263 5 4.1121 10 4.0999
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Table 2: Bondary harmonics and respective energy of ef-
fective spectral width for circle polarization components
of SR
Λ ν
(1)
1 γ1 ν
(2)
1 γ˜1 ν
(1)
−1 γ−1 ν
(2)
−1 γ˜−1
1 1 1.1062 1 1.1062 1 1.1712 1 1.1712
2 1 1.2348 1 1.2348 1 1.3411 1 1.3411
3 1 1.3440 2 1.3233 1 1.4737 1 1.4737
4 2 1.4394 2 1.4394 1 1.5843 2 1.4987
5 2 1.5323 3 1.4808 1 1.6802 2 1.6210
6 2 1.6125 3 1.5854 1 1.7657 2 1.7211
7 2 1.6841 3 1.6686 1 1.8431 2 1.8082
8 2 1.7493 4 1.7015 1 1.9142 2 1.8860
9 2 1.8094 4 1.7786 1 1.9800 2 1.9570
10 2 1.8655 4 1.8455 1 2.0416 2 2.0225
11 3 1.9197 5 1.8721 1 2.0995 3 2.0448
12 3 1.9711 5 1.9353 1 2.1542 3 2.1072
13 3 2.0196 5 1.9922 1 2.2061 3 2.1654
14 3 2.0656 5 2.0445 1 2.2557 3 2.2200
15 3 2.1094 6 2.0690 1 2.3030 3 2.2716
16 3 2.1512 6 2.1190 1 2.3485 3 2.3207
17 3 2.1913 6 2.1656 1 2.3921 3 2.3675
18 4 2.2302 6 2.2094 1 2.4342 3 2.4123
19 4 2.2682 7 2.2315 1 2.4748 3 2.4553
20 4 2.3049 7 2.2738 1 2.5141 3 2.4967
21 4 2.3402 7 2.3139 1 2.5522 4 2.5154
22 4 2.3744 7 2.3521 1 2.5891 4 2.5556
23 4 2.4076 7 2.3886 1 2.6250 4 2.5943
24 4 2.4397 8 2.4091 1 2.6599 4 2.6318
25 4 2.4710 8 2.4446 1 2.6938 4 2.6681
26 5 2.5017 8 2.4787 1 2.7269 4 2.7033
27 5 2.5318 8 2.5116 2 2.7596 4 2.7376
28 5 2.5611 8 2.5434 2 2.7914 4 2.7709
29 5 2.5897 9 2.5623 2 2.8226 4 2.8033
30 5 2.6176 9 2.5933 2 2.8530 4 2.8350
31 5 2.6449 9 2.6233 2 2.8828 4 2.8659
32 5 2.6716 9 2.6525 2 2.9119 4 2.8960
33 5 2.6977 9 2.6808 2 2.9404 4 2.9256
34 6 2.7234 10 2.6983 2 2.9684 5 2.9414
35 6 2.7487 10 2.7260 2 2.9959 5 2.9703
36 6 2.7736 10 2.7530 2 3.0228 5 2.9986
37 6 2.7979 10 2.7793 2 3.0492 5 3.0263
38 6 2.8219 10 2.8050 2 3.0752 5 3.0535
39 6 2.8453 10 2.8302 2 3.1007 5 3.0801
40 6 2.8684 11 2.8465 2 3.1258 5 3.1063
41 6 2.8911 11 2.8712 2 3.1505 5 3.1319
42 6 2.9133 11 2.8953 2 3.1748 5 3.1572
43 7 2.9354 11 2.9189 2 3.1987 5 3.1820
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Table 2: Bondary harmonics and respective energy of ef-
fective spectral width for circle polarization components
of SR
Λ ν
(1)
1 γ1 ν
(2)
1 γ˜1 ν
(1)
−1 γ−1 ν
(2)
−1 γ˜−1
44 7 2.9572 11 2.9420 2 3.2223 5 3.2064
45 7 2.9786 12 2.9573 2 3.2455 5 3.2304
46 7 2.9997 12 2.9801 2 3.2684 5 3.2540
47 7 3.0205 12 3.0024 2 3.2909 5 3.2773
48 7 3.0410 12 3.0243 2 3.3131 5 3.3002
49 7 3.0612 12 3.0458 2 3.3351 6 3.3137
50 7 3.0811 12 3.0670 2 3.3567 6 3.3363
51 8 3.1007 13 3.0814 2 3.3781 6 3.3585
52 8 3.1202 13 3.1022 2 3.3992 6 3.3805
53 8 3.1394 13 3.1227 2 3.4200 6 3.4021
54 8 3.1584 13 3.1429 2 3.4405 6 3.4234
55 8 3.1772 13 3.1627 2 3.4608 6 3.4445
56 8 3.1957 13 3.1823 2 3.4809 6 3.4652
57 8 3.2140 14 3.1959 2 3.5007 6 3.4857
58 8 3.2320 14 3.2151 2 3.5203 6 3.5060
59 8 3.2499 14 3.2341 3 3.5398 6 3.5260
60 9 3.2675 14 3.2529 3 3.5590 6 3.5458
61 9 3.2851 14 3.2714 3 3.5781 6 3.5653
62 9 3.3024 14 3.2896 3 3.5969 6 3.5846
63 9 3.3196 15 3.3025 3 3.6156 6 3.6037
64 9 3.3365 15 3.3205 3 3.6340 7 3.6156
65 9 3.3533 15 3.3382 3 3.6523 7 3.6345
66 9 3.3699 15 3.3558 3 3.6703 7 3.6531
67 9 3.3863 15 3.3731 3 3.6882 7 3.6716
68 9 3.4025 15 3.3902 3 3.7059 7 3.6898
69 10 3.4187 15 3.4071 3 3.7235 7 3.7079
70 10 3.4347 16 3.4193 3 3.7409 7 3.7258
71 10 3.4505 16 3.4361 3 3.7581 7 3.7434
72 10 3.4662 16 3.4526 3 3.7751 7 3.7610
73 10 3.4818 16 3.4689 3 3.7920 7 3.7783
74 10 3.4972 16 3.4850 3 3.8087 7 3.7955
75 10 3.5124 16 3.5010 3 3.8253 7 3.8125
76 10 3.5275 17 3.5127 3 3.8418 7 3.8294
77 10 3.5425 17 3.5285 3 3.8581 7 3.8460
78 11 3.5574 17 3.5441 3 3.8742 7 3.8626
79 11 3.5722 17 3.5596 3 3.8902 7 3.8790
80 11 3.5868 17 3.5749 3 3.9061 7 3.8952
81 11 3.6013 17 3.5901 3 3.9219 7 3.9114
82 11 3.6157 17 3.6051 3 3.9375 8 3.9220
83 11 3.6300 18 3.6163 3 3.9530 8 3.9379
84 11 3.6441 18 3.6311 3 3.9684 8 3.9537
85 11 3.6581 18 3.6458 3 3.9836 8 3.9694
86 11 3.6720 18 3.6604 3 3.9988 8 3.9850
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Table 2: Bondary harmonics and respective energy of ef-
fective spectral width for circle polarization components
of SR
Λ ν
(1)
1 γ1 ν
(2)
1 γ˜1 ν
(1)
−1 γ−1 ν
(2)
−1 γ˜−1
87 12 3.6859 18 3.6748 3 4.0138 8 4.0004
88 12 3.6997 18 3.6891 3 4.0287 8 4.0157
89 12 3.7133 19 3.6999 3 4.0435 8 4.0309
90 12 3.7268 19 3.7140 3 4.0582 8 4.0459
91 12 3.7403 19 3.7281 3 4.0727 8 4.0609
92 12 3.7536 19 3.7420 4 4.0872 8 4.0757
93 12 3.7668 19 3.7558 4 4.1016 8 4.0904
94 12 3.7799 19 3.7695 4 4.1160 8 4.1050
95 12 3.7930 19 3.7831 4 4.1302 8 4.1195
96 13 3.8060 20 3.7934 4 4.1443 8 4.1339
97 13 3.8189 20 3.8068 4 4.1583 8 4.1482
98 13 3.8317 20 3.8202 4 4.1722 8 4.1623
99 13 3.8444 20 3.8334 4 4.1860 8 4.1764
100 13 3.8570 20 3.8465 4 4.1997 9 4.1860
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